> 2 log pn log log log p n Pn+1 log log log pn ' and this was improved by Ricci [7] to pn+i -p" > cl log pn log log log pn , where, as throughout the paper, the c's denote positive absolute constants. I [4] showed that Pn+1 -pn > C2 109pnlog 109Pn (log log log p n)$ and lately Rankin [6] proved pn+1 -pn > C8 109pnlog log p n log log log log pn (log log log p n) 2
In the other direction the best known result is that of Hardy and Littlewood proved a few years ago, by using the Riemann hypothesis, that A S -'s, and Rankin recently proved, again by using the Riemann hypothesis, that A 5 1. In the present paper we are going to prove-without the Riemann hypothesis-that A < 1 -c4, for a certain c` > 0 . It seems extremely likely that A = 0 . In fact, a well-known conjecture states that the equation p"+1 -pn = 2 has infinitely many solutions (i .e., there are infinitely many prime twins) .
We need two lemmas .
LEMMA 1 . The number of solutions of a= pips, pi ,pi :-!g n, does not exceed
The proof is well known ( [8] , p . 670) .
LEMMA 2. Let C 4 be sufficiently small ; theñ '
( 1 + p/ < 6c6 log n, Pla where the prime indicates that the summation is extended over the a's of the interval
(1 -c4) log n 5 a <_ (1 + c4) log n . for sufficiently small c 4 and the proof is complete . Now we can prove our theorem . Denote by p1 , P2, , pz the primes of the interval ;n, n. It follows from the prime number theorem that, for suffiiently large n, x > (I -e)n/log n . It suffices to prove that if n is sufficiently large, then for at least one i p :+1 -p : < (1 -c4) log n (i < x -1) .
For then we have lim inf pr+1-pr < (1 -c4)log n c4 .
log pr log in Write b1=p2-p1,b2=Pa-p2, . . .) b_1= p s -p4-1 . (1 -cs) log n S b S_ (1 + c4) log n does not exceed (log n) 2~' pla C1 + p) < 6 log n Hence if bi < (1 -C) log n had no solution, we should obtain a-1 bi > n (1 -c4) log n + ( -E) n (1 + c4) log n s-I 6109, n log n = in(1 -2e) + (} -e)cen > in.
This is an evident contradiction and the theorem is proved . Denote by qI < qs < . . . < q" the primes not exceeding n. Cramér [3] proved by aid of the Riemann hypothesis that CS I qi) = 0 log n log n It might be conjectured that the following stronger result also holds :
(qi+I -qi)$ = 0(n log n) .
i-I
This result if true must be very deep . I could not even prove the following very much more elementary conjecture : Let n be any integer and let 0 < a I < a2 < . . . < az < n be the re(n) integers relatively prime to n ; then E (a(+, -ai)z < ce i-I ,p(n) (qi+I -qi > (log qi) 8 
